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One of the most important and successful applications of quantitative analysis to solving
business problems has been in the physical distribution of products, commonly referred to
as transportation problems.

The purpose is to minimize the cost of shipping goods from one location to another so
that the needs of each arrival area are met and every shipping location operates within
its capacity.
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Transportation problem

Transportation problems deal with the determination of a minimum-cost plan for
transporting a commodity from a number of sources to a number of destinations. To be
more specific:

> Let there be m warehouses Wi, ..., W, that have the commodity and n destinations
(or consumers) Dy, ..., D, that demand the commodity.
> At the ith warehouse, i = 1,2, ..., m, there are a; units of the commodity available.

> The demand at the jth destination, j =1,2,..., n, is denoted by b;.

> The cost of transporting one unit of the commodity from the ith warehouse to the
Jth destination (route W;Dj) is c;.

> Let x; be the numbers of the commodity that are being transported from the ith
warehouse to the jth destination.

Our problem is to determine those x; that will minimize the overall transportation cost.
An optimal solution x;j to the problem is called a transportation plan.
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Transportation problem

Warehouse Wi

Destination
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Transportation problem

Objective function

The cost of transportation from W; (i =1,...,m) to D; (j = 1,...,n) will be equal to

m n
z = cuxu + Ci2X12 + -+ + CmnXmn = g E CijX;j — min.
i=1 j=1
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Transportation problem

Constraints vol. 1

Note that it is not possible to export from the warehouse W; more than a;

X1+ X2+ -+ xi0 < ar

Xo1 + X2 + -+ -+ xon < a2

Xm1 +Xm2+"'+xmn§am

or shortly

n
E X,'J'Sa,', i:1,2,...,m.
j=1
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Transportation problem

Constraints vol. 2

Note that the consumer at destination D; needs b; commodity or more:

X1+ X1+ -+ Xm1 > by
X2+ X2+ -+ Xm2 > b2

X1n+X2n+"’+an2bn

or shortly

> xj>=b, j=1,2,...,n
i=1
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Transportation problem

Transportation table

With the help of the above information we can construct the following table

Juri Belikov (TUT)

Destination
Warehouse Reserve
Dy D> D,
Wi ar | Cin a1
W> o1 | o2 C2n a
W, Cm1 Cm2 Cmn am
Requirement | b by b,
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Transportation problem

Denote by b = by + by + - - - 4+ b, the total requirement of commodities and by
a=a1+a+ -+ am the total amount of available commodities.

Transportation problem is solvable if and only if b < a.
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Transportation problem

Denote by b = by + by + - - - 4+ b, the total requirement of commodities and by
a=a1+a+ -+ am the total amount of available commodities.

Transportation problem is solvable if and only if b < a.

If b > a, then the transportation problem is not solvable. In this case one has to solve
non-mathematical problem either to increase reserve of commodity, or to decrease

requirements.
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Transportation problem

Definition

If a = b, then transportation problem is called balanced.
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Transportation problem

Definition

If a = b, then transportation problem is called balanced.

n
For the balanced transportation problem constraints are of the form ZXU = a; and
j=1

m
ZX,‘_/' = bj, respectively.
i=1
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Transportation problem

Definition

If a = b, then transportation problem is called balanced.

Remark

|

For the balanced transportation problem constraints are of the form ZXU = a; and
j=1

m
Zx,-j = bj, respectively.
i=1

| A\

Remark

If the transportation problem is not in the balanced form, i.e. b < a, then one may
introduce a fictive destination D with requirement by = a — b, getting the problem in
the balanced form.
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Transportation problem

lllustrative example: fictive destination

Consider the transportation problem given by the following table

Juri Belikov (TUT)

Warehouse Destination Reserve
Dy | D | D3 | Ds
Wi 3 0 4 15
W, 20
W5 3 11 25
Requirement | 10 | 10 | 15 | 20
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Transportation problem

lllustrative example: fictive destination cont.

Let us introduce the fictive destination Dr in which a consumer needs 5 units of goods.
Since this destination is fictive, the transportation costs can be taken equal to zero.

Warehouse Destination Reserve
Dy | Do | D3 | D4y | Dr
1% 3 1 0 4 0 15
W> 1 0 20
W3 3 8 11| 0 0 25
Requirement | 10 | 10 | 15 | 20 5
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Transportation problem

Brief summary

They can be written as the following linear programming problem

m n
z= z CjjXjj — min
i=1 j=1
subject to constraints
n
ZX,'_,' = aj 1 S i S m,
j=1
m
> xp=b 1<j<n,
i=1
xj >0 1<i<m1<j<n,

m n
where E ai = E b;.
i=1 Jj=1
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Transportation problem

Brief summary cont.

Using the vector notations

T
X = [X11,...,X1n7X21,...,XQ,,,...,Xml,...,Xm,,] s
T

Cc = [C11,...,C1,,,621,...,Czn,...,cml,...,cm,,]

b=[a1,...,ambi,...,bs|"

the transportation model can be rewritten using matrix notation

z=cTx — min
Ax=0b
x>0
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Transportation problem

Transportation problems are linear programming problems and can be solved by the
Simplex method. Notice that there are mn variables but only m + n equations. To
initiate the Simplex method, we have to add m -+ n more artificial variables and solving
the problem by the Simplex method seems to be a very tedious task even for moderate
values of m and n. Therefore, because of practical significance and the special structure
of the transportation problem we can solve it with a faster, more economical algorithm
than simplex.

Juri Belikov (TUT) Lecture 10 November 7, 2014 15 / 34



Transportation problem

Solution: method of multipliers

Preliminary step:
We have to check whether the stated problem is solvable or not.

The starting basic feasible solution: northwest-corner method
We have to distribute the available units in rows and column in such a way that the sum
will remain the same. We have to follow the steps given below.

Select the north west (upper left-hand) corner (cell) of the transportation table and
allocate as many units as possible equal to the minimum between available supply
and demand, i.e. min(az, b1).

Adjust the supply and demand numbers in the respective rows and columns.

If the demand for the first cell is satisfied, then move horizontally to the next cell in
the second column.

If the supply for the first row is exhausted, then move down to the first cell in the
second row.

If for any cell, supply equals demand, then the next allocation can be made in cell
either in the next row or column.

@A Continue the process until all supply and demand values are exhausted.
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Transportation problem

Illustrative example

There are 3 warehouses W, for i = 1,...,3 with commodity of the same type in amount
of a; = 8, a, = 10, a3 = 20 units, respectively, and there are 4 destinations (consumers)
Dj for j =1,...,4 who want to receive at least by =6, b =8, b3 =9, bs = 15 units of
the commodity, respectively. The cost of transporting one unit of the commodity from
warehouse W; to consumer D; together with available information are summarized in the
following table:

Destinati
Warehouse cetinations Reserve
Dy | Dy | D3 | Dy
%% 2 3 5 8
Wa 7 3 4 10
Ws 4 1 7 20
Requirement | 6 8 9 15 38
3 4
One may see that the problem is balanced, since Z aj = Z b; = 38.
i=1 j=1
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Transportation problem

Start allocations from north-west corner, i.e. from (1,1) position.
Here min(ay, b1) = min(8,6) = 6 units.
Therefore, the maximum possible units that can be allocated to this position is 6.

Warehouse Destinations Reserve
Dy D> | D3 | Da
wy 26 S g 1 ]18g—6=2
W 7 3 4 6 10
W, 4 o 1 7 2 20
Requirement | 6 —-6=0 | 8 9 15 38
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Transportation problem

After completion of the previous step, come across the position (1,2).
Here min(8 — 6,8) = 2 units can be allocated to this position.

Warehouse Destinations Reserve
D Ds Ds D,
Wi ’6 32 x| 'x |2-2=0
W 7 3 4 6 10
W 4 1 7 2 20
Requirement 0 8—-2=6 9 15 30
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Transportation problem

Now, we go to the second row, here the position (2,1) is already been struck off, so
consider the position (2,2).

Here min(10,8 — 2) = 6 units can be allocated to this position.
This completes the allocations in second column so strike off the position (3,2).

Warehouse Destinations Reserve
Dy D, Ds Dy
Wy 26 | 32 |5 x| tx 0
W5 x |36 | * 6 1 10-6=14
Wi fx o tx | T 2 20
Requirement 0 0 9 15 24
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Transportation problem

Again consider the position (2,3).
Here, min(10 — 6,9) = 4 units can be allocated to this position.
This completes the allocations in second row so struck off the position (2,4).

Warehouse Destinations Reserve
D, D, Ds DA
A 26 | 32 5 x 1 %
W “x |36 44 6 %
Ws P | T x u 2 20
Requirement 0 0 9—-4=5 | 15 20
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Transportation problem

In the third row, positions (3,1) and (3,2) are already been struck off so consider the
position (3,3) and allocate it the maximum possible units, i.e. min(20,9 — 4) =5 units.
Finally, allocate the remaining units to the position (3,4), i.e. 15 units to this position.
Keeping in mind all the allocations done in the above method complete the table as

follows.
Destinations
Warehouse Reserve
Dy D> D3 Dy
Wy 26 | 32 | °x | Tx 8
W Tx |36 | *4 | °x 10
Ws x| 1'x |75 | 215 20
Requirement 6 8 9 15 38
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Transportation problem

From the above table we can see that the starting basic feasible solution is xi11 = 6,
X12 = 2, xo1 = 6, x0 = 4, x3p = 5, x34 = 15, and the other variables in the table are
X13 = X14 = X21 = X24 = x31 = x32 = 0. Therefore, the cost of transportation can be

calculated as

Z = C11X11 + C12X12 + C2X22 + C23X03 + C33X33 + C34X34 =
=12+6+18+ 16 + 35+ 30 = 117.
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Transportation problem

Solution algorithm

Step 0. Assume that preliminary step is accomplished and starting feasible solution is
found.

Step 1. Find the multipliers u;, i =1,...,m and v;, j = 1,..., n from the relations
ui +vj = ¢j

for all (i, j)-cells containing basic variables. Since there are m + n — 1 basic variables, we
get the same number of equations. However, there are m-+ n unknown variables u; and v;.
Therefore, one of the variables may be fixed, say equal to zero (for example vi = 0), and
the equations may be used to solve for the other variables. Some of the u; or v; may turn
out to be negative, but this does not matter. Find the indirect transportation costs as

Cj = ui+ v

for (i, j)-cells containing non-basic variables.
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Transportation problem

Solution algorithm cont.

Step 2. Calculate
© = max(&; — ¢j)-

Check the optimality criteria, which is ¢ = 0. If it is satisfied, then the obtained
transportation plan is optimal. Otherwise, the plan can be improved. It means that we
have to redistribute some amount of the commodity, say 6, which has to be put to the
cell for which the difference &; — ¢ is maximal. However, if we add 6 to that cell, we
must subtract and add 6 to other cells containing basic variables to keep the constraints
(requirements vs. reserve) satisfied. We choose 6 as large as possible, bearing in mind
that negative shipments are not allowed. It means that at least one of the basic variables
is put, or remains at, 0.

Step 3. Repeat Steps 1 and 2 until the optimality criteria is satisfied.
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Transportation problem

Recall the transportation table is

Warehouse Destinations Reserve
D, D, Ds Da
Wi 26| 2]|° ' 8
Wa ! 6| ‘a4l 10
Ws ¢ ' "5 %215 20
Requirement | 6 8 9 15 38
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Transportation problem

According to the algorithm presented above we can construct the following system of

equations and solve it for u;, i =1,...,3and v;, j=1,...,4
u+wvn=2
m+wvw=3
uw+wvw=3
wm+vs=4
um+vs=7
U3+V4:2
By assigning vi =0, weget i1 =2, ip =2, u3=5and vi =0, v, =1,v3 =2, vy = —3.
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Transportation problem

Now, we can add additional column and row and rewrite the transportation table as
follows:

Destinations
Warehouse Reserve | u;
D, D, Ds DA
Wy 6| *2]° ! 8 2
W ! 6| *al® 10 2
Ws ¢ ! 5] %15 20 5
Requirement | 6 8 9 15 38
v 0 1 2 -3
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Transportation problem

Next, we calculate the indirect transportation costs as
Gj=ui+v

for (i, j)-cells containing non-basic variables. Note that in the following table ¢; is placed
in the left-down corner of the cell.

Destinati
Warehouse estinations Reserve | u;
D, D Ds Da
2 3 5 1
1% 6 2, . 8 2
Ws ; - R N I 10 2
Wi . : 5] %15 20 5
Requirement | 6 8 15 38
vj 0 1 -3
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Transportation problem

After that, we calculate the difference between the indirect and actual transportation
costs as

é,‘j — Cijj.

Note that in the following table the difference is placed in the right-upper corner of the
cell.

Destinations
Warehouse Reserve | u;
D, D» Ds D,
2 3 5 —1 1 -2
W 6 2 . . 8 2
W5 el a2 T 10 2
W A A - N R 20 5
Requirement | 6 8 9 15 38
vj 0 1 -3
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Transportation problem

Now, we can easily see that ¢ = max(é, — ¢32) = 5.

Since the optimality condition is not satisfied, the transportation plan can be improved. J

It means that we have to redistribute some amount of the commodity. For that purpose
we add 6 to the cell (3,2). Since we added 6 to that cell, we must subtract it from cells
(2,2) and (3,3), respectively. Finally, we have to add 6 to the cell (2,3) to keep the
constraints satisfied.

Destinations

Warehouse Reserve | u;
Dl D2 D3 D4
2 3 5 -1 T
Wi 6 2 . . 8 2
W5 D e—0 | fave| 2 T 10 2
Ws sl 0| Ts5-0] %15 20 5
Requirement | 6 8 15 38
vj 0 -3
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Transportation problem

Doing this way we can see that
6 = max(6 — 6,4+ 6,5—0) =5.

After modifying the transportation plan the new table becomes:

Warehouse Destinations Reserve
D, D, Ds Da
Wi 26| 2]|° ' 8
Wa ! 1] %9 10
Ws ¢ ts |t 15| 20
Requirement | 6 8 9 15 38

From the above table we can see that the cost of transportation can be calculated as

Z = cuix11 + Ciaxi2 + Coxze + C23X23 + C32X32 + C34X34 =
=124+6+3+36+5+30=107.
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Transportation problem

Repeat Steps 1-3 of the algorithm to get the following tables:

Destinati
Warehouse estinations Reserve | u;
Dl D2 D3 D4
2 3 5 1| 1 3
7% 6 2—0 . B 0 8 2
7 5| 3 4 6 -2
Ws ) 1 9 . 10 2
W O - A B LR 20 0
Requirement | 6 8 9 15 38
v; 0 1 2 2
for which 6 = 2.
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Transportation problem

Destinati
Warehouse estinations Reserve | uj
Dy D, Ds DA
2 3 35 —4f 1
1% 6 |, X 2 8 2
7 —2| 3 4 6 —2
W, 5 1 9|, 10 5
Ws O R A SO R b N 3
Requirement | 6 8 9 15 38
vj 0 -2 -1 -1
Observe that the optimality criteria is satisfied. J

The minimal transportation cost is therefore

Z = c11X11 + Ciaxi4 + Cox22 + C23X23 + C32X32 + C34X34 =
=12+2+3+36+7+26=386.
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