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Part I: Modeling Fundamentals
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Basic Terminology

Aleksei Tepljakov 3 / 42

Definition 1. A system is a collection of interacting elements that
produce observable signals and for which there exist
cause-and-effect relationships.

Definition 2. Observable signals of a system are called outputs.

Definition 3. External signals of the system that can be
manipulated by the observer are called inputs.

Definition 4. A dynamic system is comprised of interacting
elements which depend on time.

Definition 5. A (mathematical) model is a description of a
system in terms of equations.



Model of a System
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A system with output y, input u, measured disturbance d and
unmeasured disturbance w.



Model of a System: General State-Space
Model
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A general (nonlinear) dynamic system may be modeled by a finite
number of coupled first-order ordinary differential equations. Together
with the output vector the complete system state-space model is given by

ẋ(t) = f(x(t), u(t), t) (1)

y(t) = g(x(t), u(t), t),

where (dropping the t argument) we have

x =
[
x1 x2 · · · xn

]T
,

u =
[
u1 u2 · · · um

]T
,

f(·) =
[
f1(·) f2(·) · · · fn(·)

]T
,

g(·) =
[
g1(·) g2(·) · · · gp(·)

]T
.



Classification of Systems
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Continuity of the time variable → Continuous
→ Discrete-time
→ Hybrid

Parameter variation → Fixed
→ Time-varying

Superposition property → Linear
→ Nonlinear

Most real-life systems may be considered hybrid, nonlinear, and
time-varying. However, it is usually possible to use other
(simplified) classes of systems in modeling under certain
assumptions and for particular purposes.



Example: Solar-heated House
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Example: Solar-heated House: Model
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Example: Solar-heated House:
Measurements
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Storage temperature (oC) Solar intensity

t, hours t, hours

0 25 50

20

32.5

45

0 25 50

0

6

12



Important Aspect of Modeling
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The map is not the territory.

→

6=
→

What this means is that in practice an ideal model of a system can
never be achieved. It is sufficient to evaluate the obtained model
of a system in terms of usefulness for a particular purpose.



Modeling and Identification Approaches
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• White Box modeling (also known as First Principles

modeling). The structure of the model is known and the model
is derived from physical laws.

• Grey Box modeling. The model is partially derived from
physical laws. Certain parts of the model are approximated such
that they these approximations have no direct physical
interpretation, but are suitable for modeling purposes.

• Black Box modeling. No information about the physical
structure of the system is given a priori. Hence, the model is
obtained by fitting experimental data to an arbitrarily chosen
mathematical model type and structure.



Model Development Stages
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Structure the problem:

• Define the purpose of your model.

• Break the system down into smaller interconnected subsystems.

• Define important system variables and relationships.

• Define the inputs and outputs of the model.

Find the governing equations:

• By inspecting each subsystem.

• Assume theoretical ideals (point-mass, ideal gas, etc.) and use
simplifications (neglect friction, air pressure, turbulence).

• Use known relations and laws from physics.

• Make hypotheses and conduct additional research.



First Principles Modeling: Translational
System
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︸ ︷︷ ︸
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+Bv(t)

︸ ︷︷ ︸
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+K

∫ t

0

v(λ)dλ

︸ ︷︷ ︸

Spring

= f(t)

︸︷︷︸

Force



First Principles Modeling: Rotating System

Aleksei Tepljakov 14 / 42

B

K

J
τ(t)

ω(t)

J
dω(t)

dt
︸ ︷︷ ︸

Moment of
inertia

+Bω(t)

︸ ︷︷ ︸

Friction

+K

∫ t

0

ω(λ)dλ

︸ ︷︷ ︸

Torsion

= τ(t)

︸︷︷︸

Torque



First Principles Modeling: Electrical System
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First Principles Modeling: Hydraulic System
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First Principles Modeling: Flow System
Example
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Consider a tank with free outflow. The tank has a cross section A (m2)
and the outflow hole has an area a (m2). The level of the liquid in the
tank is h (m), the inflow is u (m3/s) and the outflow is q (m3/s).

Task: Model how the outflow depends on the inflow.



First Principles Modeling: Flow System
Example (Continued)
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Apply Bernoulli’s law which describes the relationship between the outflow
speed v (m/s) and the liquid level in the tank:

v(t) =
√

2gh(t),

where g is the acceleration of gravity. Then, the relation between the outflow q

and the outflow speed v is by definition

q(t) = a · v(t).

The volume of the liquid in the tank at time t is A · h(t) (m3) and it changes
according to the difference in inflow and outflow (mass balance):

d

dt
h(t) = −

a
√

2gh(t)

A
+

1

A
u(t).

Finally, the outflow q(t) is determined as

q(t) = a
√

2gh(t).



Conservative Systems
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A conservative system is a system in which work done by a
force is

1. Independent of path.

2. Equal to the difference between the final and initial values of
an energy function.

3. Completely reversible.

The approach to modeling such systems, whether they are
mechanical, electrical, hydraulic, thermal, or of another kind, can
be generalized.

We base the model on how energy in the system is transfered,
changed and stored.



Conservative Systems (Continued)
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There are two fundamental variables:

• Flow (f)—e.g., electric current, velocity of motion, radial velocity, flow of
liquid, heat flux, etc.

• Effort (e)—e.g., electric voltage, force, torque, pressure, temperature, etc.

The basic relationships are the same:

• Static dependence (resistance): e = h(f);

• Flow storage (capacity): e = ke
∫

fdt;

• Effort storage (inductance): f = kf
∫

edt;

• Power P = ef ;

• Energy E =
∫

Pdt;

• Power transfer e1f1 = e2f2.



Conservative Systems: Conservation Laws
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• Flow balance (Kirchoff’s First Law):

∑

i

fi = 0.

• Effort balance (Kirchoff’s Second Law):

∑

i

ei = 0.

• Conservation of energy within a system:

Ei = const.



First Principles Modeling: Practicality
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Task: Apply Kirchhoff’s Law.



Grey Box Modeling: Model of the Magnetic
Levitation System
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We use the following model of the MLS:

ẋ1 = x2,

ẋ2 = −
c(x1)

m

x2
3

x2
1

+ g,

ẋ3 =
fip2

fip1

i(u)− x3

e−x1/fip2
,

where x1 is the position of the sphere, x2 is
the velocity of the sphere, and x3 is the coil
current, fip1 and fip2 are constants, c(x1)
is a 4th order polynomial and i(u) is a 2nd
order polynomial.



Black Box Modeling
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Once input and output data is collected, fit to a particular type of model,
e.g., to a difference equation of the form

y(t)+a1y(t−1)+ · · ·+any(t−n) = b1u(t−1)+ · · ·+ bmu(t−m). (2)

Note, that this model describes a discrete-time system. Can the collected
data be used to identify a continuous-time system? How?



Part II: Linear Programming
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Phone Dealer Example
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A phone dealer goes to the wholesale market with 1500EUR to
purchase phones for selling. There are different types of phones
available on the market, but having compared technical
specifications of all available phones, he decides that there are two
phone types, P1 and P2 that would be suitable for resale in his
region of interest. The first type of phone (P1) would cost the
dealer 300EUR and the second type of phone (P2)—250EUR.

However, the dealer knows that he can sell the P1 phone for
325EUR, and P2 phone for 265EUR. With the available amount of
money he would like to make maximum profit. His problem is to
find out how many phones of each type should be purchased to get
maximum profit, assuming he would succesfully market and sell all
of the acquired phones later.



Phone Dealer Example: Solution
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The problem is formulated as

z = 325P1 + 265P2 → max

under the constraint 300P1 + 250P2 6 1500 and bounds P1, P2 > 0. Solution:

P1 P2 Investment Amount after sale Profit

0 6 1500 1590 90

1 4 1300 1385 85

2 3 1350 1445 95

3 2 1400 1505 105

4 1 1450 1565 115

5 0 1500 1625 125



Linear Programming: Basic Definitions
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Definition 6. The function to be maximized

z = f(x1, x2, . . . , xn) → max

or minimized
z = f(x1, x2, . . . , xn) → min

is called the objective function.

Definition 7. The limitations on resources which are to be
allocated among various competing variables in form of equations
or inequalities and are called constraints or restrictions.

Definition 8. Constraints on individual variables in form of
inequalities are called bounds.



Linear Programming: Basic Definitions
(continued)
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Definition 9. A linear programming problem may be defined as
the problem of maximizing or minimizing a linear function subject
to linear constraints.

Definition 10. A vector x for the optimization problem is said to
be feasible if it satises all the constraints.

Definition 11. A vector x is optimal if it feasible and optimizes
the objective function over feasible x.

Definition 12. A linear programming problem is said to be
feasible if there exist a feasible vector x for it; otherwise, it is said
to be infeasible.



The Standard Maximum Problem

Aleksei Tepljakov 30 / 42

Find a vector
x∗ = (x1, . . . , xn)

T ∈ R
n

to maximize
z = c1x1 + c2x2 + · · ·+ cnxn

subject to the constraints

a11x1 + a12x2 + · · ·+ a1nxn 6 b1,

...

am1x1 + am2x2 + · · ·+ amnxn 6 bm

and bounds
x1 > 0, x2 > 0, . . . , xn > 0.



Matrix Form of the Linear Programming
Problem
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Suppose that

X =









x1

x2

...
xn









, A =









a11 a12 · · · a1n
a21 a22 · · · a2n
...

...
. . .

...
am1 am2 · · · amn









, B =









b1
b2
...
bm









, C =









c1
c2
...
cn









T

,

then the linear programming problem can be rewritten:

z = CX → max(min)
AX 6 B

X > 0

(standard form)

or
z = CX → max(min)

AX = B

X > 0

(canonical form)



Formulation and Solution of a Linear
Programming Problem
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Formulation:

• Identify the decision variables to be determined and express them in terms
of algebraic symbols, e.g., x1, x2, . . . , xn;

• Identify the objective which is to be optimized (maximized or minimized)
and express it as a linear function of the above defined decision variables;

• Identify all the limitations in the given problem and then express them as
linear equations or inequalities in terms of above defined decision variables.

Some solution methods:

• Graphical method;

• Analytical method or trial and error method;

• Simplex method.



Common Linear Programming Problems:
Production Planning Problem
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A company manufactures two types of products—P1 and P2—and
sells them at a profit of 2EUR and 3EUR, respectively. Each
product is processed on two machines M1 and M2. P1 requires 1
minute of processing time on M1 and 2 minutes on M2, type P2

requires 1 minute on M1 and 1 minute on M2. The machine M1 is
available for not more than 6 hours and 40 minutes, while machine
M2 is available for 10 hours during one working day. The problem
is to maximize the profit of the company.



Common Linear Programming Problems:
Production Planning Problem (continued)
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Arrange the data in form of a table

Machine
Processing time

Available time
P1 P2

M1 1 1 400

M2 2 1 600

Pro� t 2 3

And formulate the problem

z = 2x1 + 3x2 → max

x1 + x2 6 400

2x1 + x2 6 600

with x1 > 0, x2 > 0.



Common Linear Programming Problems:
The Diet Problem (continued)
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Let there be three different types of food—F1, F2, F3—that supply varying
quantities of 2 nutrients—N1 and N2—that are essential to good health.
Suppose a person has decided to make an individual plan to improve the
health. We know that 400g and 1kg are the minimum daily requirements of
nutrients N1 and N2, respectively. Moreover, the corresponding unit of food
F1, F2, F3 costs 2, 4, and 3EUR, respectively. Finally, we know that

• one unit of food F1 contains 20g of nutrient N1 and 40g of nutrient N2;

• one unit of food F2 contains 25g of nutrient N1 and 62g of nutrient N2;

• one unit of food F3 contains 30g of nutrient N1 and 75g of nutrient N2.

The problem is to supply the required nutrients at minimum cost.



Common Linear Programming Problems:
The Diet Problem (continued)
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Arrange the data into a table:

Nutrients
Food

Requirement/day
F 1 F 2 F 3

N1 20 25 30 400

N2 40 62 75 1000

Price 2 4 3

The problem is given by

z = 2x1 + 4x2 + 3x3 → min

20x1 + 25x2 + 30x3 > 400

40x1 + 62x2 + 75x3 > 1000

with x1 > 0, x2 > 0, x3 > 0.



Linear Programming Problem: Geometric
Approach
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If a linear programming problem can be represented by a system with two
variables, the geometric approach may be used to solve it. It comprises the
following steps:

1. Formulate the linear programming problem.

2. Graph the constraints inequalities.

3. Identify the feasible region which satisfies all the constraints
simultaneously.

4. Locate the solution points on the feasible region. These points always
occur at the vertex of the feasible region.

5. Evaluate the objective function at each of the vertex (corner point).

6. Identify the optimum value of the objective function. For a bounded
region, both a minimum and maximum value will exist. For an unbounded
region, if an optimal solution exists, then it will occur at a vertex.



Optimal Solution of a Linear Programming
Problem
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• If a linear programming problem has a solution, it must occur at
a vertex of the set of feasible solutions.

• If the problem has more than one solution, then at least one of
them must occur at a vertex of the set of feasible solutions.

• If none of the feasible solutions maximizes (or minimizes) the
objective function, or if there are no feasible solutions, then the
linear programming problem has no solutions.



Graphical Method: Example 1
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z = x1 + 2x2 → max(min)

x1 + x2 > 1

with x1 > 0, x2 > 0.

Analysis: The vertices of the

feasible region are A(0, 1) and

B(1, 0). The minimum value is

attained at B(1, 0), where

z(1, 0) = 1, since z(0, 1) = 2.

This problem has no solution in case of the problem of maximizing
the objective function, since the feasible region is unbounded.



Graphical Method: Example 2
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z = x1 + 2x2 → min

x1 + x2 > 1

2x1 + 4x2 > 3

with x1 > 0, x2 > 0.

Analysis: Check the vertices of the

feasible region and find that

z(A) = 2, z(B) = 1.5, and

z(C) = 1.5. The problem has

infinitely many solutions located on

the line segment BC.



Graphical Method: Example 3
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z = 2x1 + x2 → max(min)

x1 + 2x2 6 2

x1 + x2 6 1.5

with x1 > 0, x2 > 0.

Analysis: Check the vertices of the

feasible region z(O) = 0, z(A) = 1,

z(B) = 2.5, and z(C) = 3. The

maximum value of z is obtained at

vertex C(1.5, 0). The minimum

value is obtained at O(0, 0).



Questions?
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Thank you for your attention!

NB! Next time we do Student Talk #1.
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